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Chapter 1 Introduction to Vector Analysis

Introduction

[ Exercise

= Chapter 1 Exercise <

1. Define the following:

(a).
(b).
(c).
(d).
(e).
().
(8).
(h).
@@).
G)-

Scalar

Vector

Unite Vector

Null Vector

Equal Vector

Like Vector

Colinear vectors

Coplaner vectors

Scalar multiplication of a vector

Addition of vectors

2. Write down the following

(a).
(b).

Commutative law of vector addition
Associative law of vector addition

3. Write short note on following topics

(a).

Position of a vector point

4. Find the distance between the points (—4, —5) and (—1, —1).
5. Find the slope of the line 5z — 5y = 7.






Chapter 2 Vector Multiplications

Introduction

J Scalar or Dot Product (4 Scalar Product of Four vectors
A Vector or Cross Product ld Vector Product of Four vectors
Jd Scalar Triple Product [ Exercise

A Vector Triple Product

2.1 Scalar or Dot Product

Definition 2.1 (Scalar or Dot Product)

The scalar or dot product of two vectors u and v produce a scalar, and denoted by 1 - U (read:

u dot V'), is defined as

u-v=uvcost, 0<60<m, 2.1)

where 0 is the angle between i and v. &

@ Note Though U and v are vectors, U - U is a scalar.
Example 2.1 If F, 5 are force and displacement vectors respectively then their scalar product produce

a scalar quantity work w,
w=F 5= Fscosb.

The following proposition applies.

Proposition 2.1

Suppose 1, U, and 10 are vectors and m is a scalar. Then the following laws hold:
. w-v=v-u  Commutative Law
2. U-(V+W)=u-v+u-wW  Distributive Law
3 m(u-v)=(mu)-0v=1u-(mv)=(d-0)m.
4 1-i=5-7=k-k=1
5.0 3=j-1=3-k=k-j=7-k=k-j=0.
6. If i - U = 0 and @ and v are not null vectors, then i and U are perpendicular. o

There is a simple formula for « - ¥ when the unit vectors ¢, j, and k are used.

Proposition 2.2

Given @ = u,i + uyj' + usz and T = v,i + vyj' + vz@, then

U - U = Uply + Uyly + U, V,. (2.2)‘




2.2 Vector or Cross Product

If @ = uyi + uyj + wk then @ - @ = u? + u? + 2. 0

2.2 Vector or Cross Product

Definition 2.2 (Vector or Cross Product)

The vector or cross product of two vectors i and v produce a vector, and denoted by i X ¥ (read:

U cross U ), is defined as
uxv=uvsinfy, 0<60<m, 2.3)

where 0 is the angle between U and v, and the direction of the vector u X U is denoted by a unite

vector 1) is perpendicular to the plane of i, and U, and is determined by the right-handed system. &

Example 2.2 If F, 7 are force and position vectors respectively then their vector product produce a
vector quantity torque T,
?z?"Xﬁszsin@ﬁ.

The following proposition applies.

Proposition 2.3

Suppose i, U, and W are vectors and m is a scalar. Then the following laws hold:
X

I. Uuxv=—-Uxu  Commutative Law fails

U+ U xwW  Distributive Law

SR W
0
X

T <o o o
X x X X X
> Qo oy D[ o

I

I

-

k x o= =0
6. If u x v = 0 and u and U are not null vectors, then u and v are parallel.

7. The magnitude of U X U is the same as the area of a parallelogram with sides i and v. o

Proposition 2.4

Given i = uyi + uyj' + uzl% and v = v,i + vyj' + vzl%, then
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i 7k
UXT = |up uy u, 2.4)
Uy Uy Uy
= (uyv, — uzvy)g + (u,v; — umvz)j + (ugpvy — vam)if (2.5)‘
Ifﬁ:ux%—i—uyj—kuz/%thenﬁxﬁzo. ©

2.3 Scalar Triple Product

Definition 2.3 (Scalar Triple Vector)

If u, U, and W be three vectors, then the scalar product of © with ¥ X w0, (or @ X U with W) is

called the scalar triple product (STP) of u, v, W, and written as

UXW=1UXTU-W0.

)

@ ¥ ] =

L]

When @, ¥ and & can be expressed with the unit vectors ¢, j, and k then we can get the following

proposition.

Proposition 2.5

Given @ = u,i + uyj' +uk, U= v,i + vyj' + vk, and @ = w,i + wyj' + w,k then

UXUV-W = [(uyvz — uzvy)% + (u,v, — uxvz)j + (upvy — uyvx)fc] . (wm% + wy} + wzl;:),
= (UyV, — Uy )Wy + (UpVz — UV, )Wy + (UgVy — Uy )W, (2.6)

Up Uy Uy
= Uz Uy V- 2.7)

Wy Wy Wy

[ )
2.3.1 Properties of STP
Proposition 2.6
If 0 is acute, then the vectors U, v, and W for a right handed system of vectors,
UXT-W=UXW-U=wWXuU-U (2.8)
= U UXW=0V-WXU=wW-U XU,
= UXU- W=—-WXVT-U=—UXW- U
= U UXW=wW-UXU=1u-wW XV, (2.9)




2.3 Scalar Triple Product

or,

— —[§ i @) =—[F § =i @ 7] (2.10)

Uy Uy Uy

= |Uz Uy U [using 2.7]

Up Uy Uy

= |wy, wy w, [Determinant law]
Uy Uy Uy
= UXW-U [using 2.7]
= [0 @ 1. (2.11)
Similarly, can be proved using 2.10
[0 0 W] =W d] =[d d 7.
Again
[ ¥ W] = uxv-w
= —UXU-W [using ??]
= —[U u ] [using 2.7]

[. The scalar triple is also called parallelepiped law or box product.

2. The sign of the scalar triple product remains unchanged if the cyclic order of the vectors is
maintained.

3. For every change of cycle order a negative sign is introduced.

4. The dot and cross may be changed at will.

2.3.2 Geometric Interpretation of STP

For @ x ¥ = ww sin 01, where 7} is unite vector perpendicular to the plane of «, and ¥. Now,

—

i 7@ = @-Txd

- vw sin 0

I
£

= wucos¢ vwsinf
= perpendicular height x area of the base,

= volume of the parallelepiped.
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<y

Figure 2.1: A
parallelepiped with adjacent vectors , ¥, and .

If the three vectors are coplanar and not parallel, then [i U W] = 0. O

Corollary 2.4

If the two vectors are parallel, then [0 ¥ W] = 0. ©
Corollary 2.5
If the two vectors are equal, then [i U W] = 0. ©

2.4 Vector Triple Product

Definition 2.4 (Vector Triple Vector)

If u, U, and W be three vectors, then the vector product of u with ¥ X 1, (or © X U with W) is

called the vector triple product (VTP) of u, v, W, and written as

U X (Ux W) or, (dx0)xd.

)
Proposition 2.7
If U, U, and 0 are three vectors then
Ux (Uxw) = (- w0)v— (4 0)d. (2.12)‘




2.5 Product of Multiple(Four) vectors

Corollary 2.6

(@ % §) x @ = (@ @) T — (@ - 7) @. 213,

Problem 2.1 Find @ X (b x &), where @ = —i + 2j + k,b=2i+ ] — kand =i + 2] — 2k,

Solution We have

ix(bxd) = (5-5)5—(&-5)5
- (—1-1+2-2+1-—2)(2i+j—1§:)_(_1-2+2.1+1~—1)(%+23'—212;)
- (2%+j—1%)+(2+2§'—21%)
— 3i+37—3k

2.5 Product of Multiple(Four) vectors

Proposition 2.8

If a, b, ¢, and d are four vectors then

(@x8)- (¢xd) =@ @F-d) - @ @ @19,

Proof In scalar triple product dot and cross may be interchanged. We have

—

(6x5)~(cxcf)—abx(cxcf)—a[bdc— acq @ ab-d)— (b-3@-d).

Proposition 2.9

If a, b, ¢, and d are four vectors then

(6x5>x(5xcf)=[c? b cﬂa—[a b 5]&’: [a Ed‘]z}'—[i; ad]a*

[ )
Proof Let7 = a x b then using (2.12) we have,
(Jxl;)x(éx@ = Fx(ExJ)
— (F-J)B—(F-E)J
- ((axz?) d 5—((a><5) E)d
(ng)x(ExJ) - [agcﬂa—[agad’ (2.15)

Again let § = ¢ x d then using (2.13) we have,

(6x5>x(5xaf>:<6x5>><§
ixb)x(exd) = |a cdb-—1bcdla (2.16)
(ax¥) x (exd) = [a ¢ ds-[5 o d
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From (2.15)-(2.16) we get the following
(@x8) x (exd)=|a b dle-|a b dd=|a ¢ di-|bcda
Problem 2.2 Let @ and b be two vectors. Find a vector which is perpendicular to both of them. Show

that the volume of the parallelepiped form by the three vectors is
0 — (a-b)’
Solution Let @ = @ x b is a vector, which is perpendicular to both of them. Now volume of the

parallelepiped is given by

caxh = (axb)-(axb)
— (@-d) (5- 5) - (a- 6) (a- 5) (2.14)]
— 2P - (a-b)
Problem 2.3 Letd@ = (1,2,3)andb = (2, —1, 3) be two vectors. Find a vector & which is perpendicular
to both @ and b. Find the volume of the parallelepiped form by three vectors a, b and ¢.

Solution The given vector Cis given by
C=dxb=(2-3—(=1)-3)i+(3-2=1-3)+(1-(=1)—2-2)k =9 + 3] — 5k
Now the volume of the parallelepiped is as follows
C-ixb=¢c=c=9"+3+(=5)?%=115

= Chapter 2 Exercise <

1. Define the following
(a). Scalar product or, dot product
(b). Vector product or, cross product
(c). Scalar Triple Product
(d). Vector Triple Product
2. Write down the following
(a). Scalar triple product in determinant form.
3. Write short note on following topics
(a).
4. Short questions
(a). Leta and b be are not null vectors, then what is the condition that @ and b are perpendicular.
(b). Let @ = 2: + 3j find two vectors perpendicular to d.
(c). Write down the distributive law for the vector products?
(d). Provide two difference between scalar and vector multiplications of two vectors?
(e). Giventhatd = —i+2j+k,b=2i+j—kand&=i+2] — 2k, find @ x (Ex E),using
the determinant.
(f). Define vector triple product of three vectors?

5. Let @ and b be are not null vectors, then what is the condition that @ and b are perpendicular.
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xS

10.

11.

12.

15.

Write down the distributive law for the vector products?
Provide two difference between scalar and vector multiplications of two vectors?
Explain geometric interpretation of scalar triple product.
Find @ - b x &, for
(a). CL——Z+2]+];’ b= z+}—lg:and5:5+25—2]%,
Letd = (1, 2,3) and b = (2, —1,3) be two vectors. Find a vector & which is perpendicular to
both @ and b.
Let@ = (1,2,3)and b = (2, —1, 3) be two vectors. Find a unite vector ¢, which is perpendicular
to both @ and b.

Using vector triple product show that

x(bxc)+bx(exa)+cx (axb) =

. Find d x (gx c), for

(). @=—i+2j+kb=2i+]—kand@=1+ 2] — 2k,

. Let @ and b be two vectors. Find a vector which is perpendicular to both of them. Show that the

volume of the parallelepiped form by the three vectors is
a2V — (a-)°.

and d are vectors. Prove that

(E xb)x (exd)=|a & de-|a b dd=|acdi-[p7da

Leta, b ﬁ

Let@ = (1,2,3) and b = (2, —1,3) be two vectors. Find a vector & which is perpendicular to

both @ and b. Find the volume of the parallelepiped form by three vectors a, band

10



Chapter 3 Differentiation of Vectors

Introduction

d Derivatives of Vector-Valued Functions

A Point Function (4 Curl
 Differentiation of Vectors

[ Gradient

[ Divergence

1 Exercise

3.1 Ordinary Derivatives of Vector-Valued Functions

Let the position vector 7(¢) joining the origin O of a coordinate system and any point (z,y, z).

Then
7(t) = z(t)i + y(t)] + z(t)k

and the specification of the vector function 7(¢) defines x, y, and z as functions of ¢.

3.1.1 Some Rules on Derivatives of Vector-Valued Functions

(3.1)

Proposition 3.1

(3.2)
(3.3)
(3.4)
(3.5)
(3.6)

(3.7)

Let i, U, and W are differentiable vector functions of a scalar t, and ¢ is a differentiable scalar
function of t. Then the following laws hold:

d . dd  dv

La-n=a 22y

a Y T T

) =ix G+ X

at YT dt  dt

d, . du do,

E(ﬁb) ¢E+%U

d(*ﬁxzﬁ)—ﬁﬁxd Edg u7+d—ﬂ U X W

dt " - dt dt dt

d{*x(“x U)} =u x ﬁxdw + 4 d—ﬁxw —i—d—ﬁx(ﬁxw)

gt A= t dt dt




3.2 Point Function

Proposition 3.2

Let @ and T are vector function of ., y, 2. Then the following laws hold:
%(ﬁiﬁ):g—fiz—f (3.8)
San=uT+%.5 (39)
O axm=ix 2+ 9y (3.10)
9 tom = 020+ %y G3.11)
%(ﬁ,gxw):g.gxaa_erg.g_?warg—?-wa (3.12)
%{ﬁx(ﬁxzﬁ)}:ﬁx(ﬁx%f)%—ﬁx(?—fxw +a—fx(17><w) (3.13)‘

Proposition 3.3

Let i and v are vector function of x,y, z. Then the following laws hold:
Ifu= Ut + uyﬁ' + uzl%, then dit = dugi + duyj' + duzl% (3.14)
d(u-v)=u-dv+du-v (3.15)
d(dx ¥) =uxdv+di x v (3.16)‘

3.2 Point Function

Definition 3.1 (Point function)

A physical quantity can be expressed as a continuous function of the position of the point in a
region of space, such a function is called point function and the region in which it specifies the

physical quantity is known as field. &

Definition 3.2 (Scalar point function)

A scalar quantity can be expressed as a continuous function of the position of the point in a

region of space, such a function is called scalar point function and the region in which it specifies

the physical quantity is known as a scalar field. &

If P(x,y, z) is a point in the region, then ¢(z, y, z) defines a scalar point function or a scalar field
for the region.
Example 3.1 ¢(z,y, 2) = 32? — 23z — 2y defines a scalar field. The temperature at any point within
or on the surface at a certain time defines a scalar field.
Example 3.2 Temperature, density etc. scalar quantities can be expressed by scalar point functions.
o The temperature distribution within some body at a particular point in time.

o The density distribution within some fluid at a particular point in time.

12
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Definition 3.3 (Vector point function)

A vector quantity can be expressed as a continuous function of the position of the point in
a region of space, such a function is called vector point function and the region in which it

specifies the physical quantity is known as a vector field. &

If P(x,y,z) is a point in the region, then ¥/(z,y, z) defines a vector point function or a vector
field for the region.
Example 3.3 If the velocity at a point P(z, vy, z), which in a moving fluid is known for the region,
then ¥(P) is the vector field.
Uz, y, z) = xyi + zx] + yzk,

is a example of vector field.
Example 3.4 Following vector quantities can be expressed by vector point functions.
o Gravitational field of the earth.
o Electric field about a current-carrying wire.
o Magnetic field generated by a magnet.
o Velocity at different points within a moving fluid.
o Acceleration at different points within a moving fluid.

3.3 Differentiation of Vectors

The vector differential operator del, written V, is defined as follows:

0~ 0~ 0, ~0 0 -0

This vector operator possesses properties analogous to those of ordinary vectors. It is useful
in defining three quantities that appear in applications and which are known as the gradient, the

divergence, and the curl. The operator V is also known as nabla.

3.4 Gradient
Definition 3.4 (Gradient)

Let ¢(x,y, 2) be a scalar function defined and differentiable at each point (x,y, z) in a certain

region of space. [That is, ¢ defines a differentiable scalar field.] Then the gradient of ¢, written
V¢ or grad ¢ is defined as follows:

0 0 0 0p. O0p~ 0= 0
w):(_x+_+_>¢:a_ji+a_j+a_szz_¢i'

V¢ defines a vector field.
Problem 3.1 Let ¢(x,y, z) = 3zy* — y*22. Find V¢ (or grad ¢) at the point P(1,1,2).

13



3.5 Divergence

Solution
0 0 0
= (L9 T (300 — 22
Vo (8x+8y+8z)(xy y?2?)
= 32+ (ny — 2yz2) j— 2y2z/2:
Therefore,

Vo(1,1,2) = 3i + (6 — 8) j — 4k = 31 — 2 — 4k.

3.4.1 Directional Derivative of a Scalar Point Function

We can find directional derivative of a scalar point function along any line or a vector by following
definition.

Definition 3.5 (Directional Derivative)

Consider a scalar function ¢ = ¢(x,y, z). Then the directional derivative of ¢ in the direction
of a vector  is denoted by Dz(¢) = V¢ - . Where 1, is the unite vector of u. &

Problem 3.2 Consider the scalar function ¢(z,y, 2) = 2% + y* + z2.
1. Find grad ¢.
2. Find grad ¢ at the point P = P(2, -1, 3).
3. Find the direction derivative of ¢ at the point P in the direction of u = i+ 2}' + k.

Solution
B 0 0 0 9 9
Vo = (%+a—y+§> (:E +vy +Z‘Z)
= (20 +42)i+2y) + ok
Therefore,
Vé(2,—1,3) = Ti — 27 + 2k.

Now, for unite vector u in the direction of i,

i 2 —7+3k Lofon o s
P et I (2i—j+3k:>

U 224+124+32 V14

Then the directional derivative of ¢ at the point P(2, —1,3) in the direction of U follows:

Vi = (7%—2}+2/%) : [\/% (2%—5+31%)} — 14%_;6: 53_4.

3.5 Divergence

Definition 3.6 (Divergence)

Let @(2,y, z) = uyi + ug) + usk is defined and differentiable at each point (x,y, z) in a region
of space. (That is, U defines a differentiable vector field.) Then the divergence of u, written V - 4

14
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or div U is defined as follows:
divi=V 7 = (gﬂiﬂgé) : (u1%+uzj+u3fc)
or Oy’ Oz ’
. 8u1 8u2 8U3
Oz dy 0z
B ouy
— i .

% Note

1. Although u is a vector, V - U is a scalar.
2.V-u#u-V.
3. V -uisascalar

4. -V is a operator.

Problem 3.3 Let @ = 2222; — 2y222] + 2y*zk. Find V - @ at the point P(1,—1,1).

Solution
L 0~ 0. 0
V-u = %z—i-a—yj—kalf)-(mzz 2yzj+xyzk)
_ 9 ey 9 gy O o
— 8z($2)+8y(2y2)+32(xy2)

= 2u2% — 4y + 2y
At the point P(1,—1,1),
V-i=24+4+1=T7.

Definition 3.7 (Solenoidal)

A vector U is said to be solenoidal if V - 4 = 0. &

3.6 Curl

Definition 3.8 (Curl)

Let i(z,y,z) = w1t + uzj' + u;;l% is defined and differentiable at each point (x,y, z) in a region
of space. (That is, U defines a differentiable vector field.) Then the curl of u, written V X u or

15



3.7 Formulae involving V

curl U is defined as follows:

0. 0~ 0 B . .
curli =V xu = |(—i+—j+—k X(u1i+u2j—l—u3k),
Jdr Oy 0z
7k
- |2 9 29
or Oy Oz
Uy Ug U3

. 8U3 a’u,g A (‘9u1 8u9, ~ c?uQ 8U1 A
B (8y 8z>z+(8z 8x>‘7+<8x ay)k
. 8U3 8U2 A

Definition 3.9 (Irrotational)

A vector U is said to be irrotational if V x @ = 0. &

&

3.7 Formulae involving V

Proposition 3.4

If ¢, and 1 are differentiable scalar function of positions (z,y,z) then prove that
grad (¢ + ) = grad ¢ + grad ), or

V(¢+y)=Vo+ V. o
Proof
0 ~ 0 ~ 0 R
V(6+) = ((ﬁa—;w” (¢az¢)j+ wajwk
(09, 0¢. O oY O O
= Vo + Vi

Proposition 3.5

If U, and U are differentiable vector function of positions (x,y, z) then prove that div (¢ + 1) =
div ¢ + div i), or

Proof

16



Chapter 3 : Differentiation of Vectors

Proposition 3.6

If i, and U are differentiable vector function of positions (xz, vy, z) then prove that curl (¢ + ) =
curl ¢ + curl 1), or
VX (@+9)=VXxid+V x4

[ )
Proof
a0
Vx(i+7) = zaxx(u~|—v),
= Z% X gﬁ—k gﬁ
B Ox Ox
= Zix 26+Z%x —0
Ox Ox
= Vxu+V-v.
Proposition 3.7
If ¢, and 1) are differentiable scalar function of positions (x,y, z) then prove that grad () =
¢ grad 1 + 1 grad 1, or
V ($9) = OV + 476, .
Proof
5 0
V(y) = D im-(#Y),
s, 0 0
= > i (eb@w + w%as)
50 50
= 0 g YU im0
= ¢VyY +yYVo.
Proposition 3.8
If U, and U are differentiable vector function of positions (z,y, z) then prove that grad (i - V) =
Ux curl U+ x curl i+ (4- V)0 + (v- V), or
V(@-0)=txVXxT4+0xVxia+(u-V)i+ (7-V)d. .

Proof

~f, 0 ., 0
— Zz<u~£v —|—Zz(v-a—xu) (3.19)
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Now,
UXV XU = Uux i%xv

_ P O

= UuX Zxax
. 0 L s\ OU

_ Zz(u _xv)_z(u.z)a_i

- Z%(a %U)—Z(ﬁ E%)U
R )

— Zz(u a—xa)—Z(ﬁ V)

— Zi(ﬁ a%ﬁ) = AxXVxi+Y (i-V)7
Similarly,

= Chapter 3 Exercise <

1. Define following
(a). Point function
(b). Scalar point function
(c). Vector point function
(d). Gradient
(e). Divergence
(f). Curl
(g). Solenoidal
(h). Irrotational
2. If «, and v are differentiable vector function and ¢, and ) are differentiable scalar function of
positions (x,y, z) then prove the following formulae
(). V(p+1¢)=Vo+ Vi,
(b). V- (i+9)=V-u+V -7,
(€). VX (U+7)=Vxud+V X7,
@). V- (1) = (Vo) - i+ ¢ (V - ),
(e). V x (¢u
(). V- (uxv)=u- (V) —u-(V x1),

(@). Vx (@x¥) =@ V)i—3(V-@)— (@-V)T+a(V-0),
(h). V(@-7) = (@ V)a+ (@ V)T +5x (Vxa@)+@x (V).
(). V- (V9) =V =38+ 28+ 5% = (L + 2+ &) 0,

(). V x (V¢) = curl grad ¢ = 0,
(k). V- (V x 1) = divecurl 4 =0,
). Vx(Vxu)=V(V-d)— Vi

18



Chapter 3 : Differentiation of Vectors

3. Let 7 = (x,y, 2), then prove the following formulae
(a). divr=V.r=3,
(b). curl ¥ =V x =0,
©. V- (&) = div (&) =0,

(d). V- (r"7) = div (r"7) = (n+ 3)r"

19






Chapter 4 Integration of Vectors

Introduction

A Vector Integration (1 Green’s Theorem
J Line Integral [ Gauss’s Theorem
Jd Surface Integral (d Stokes’s Theorem
d Volume Integral (4 Exercise

4.1 Vector Integration

Definition 4.1 (Vector Integration)

LetV = V(t) = Vi + V;,ﬁ +V.k bea given vector function of the scalar variable t, and these
values are supposed to be finite and for values of t in specified interval. Then

/V(t)dt:%/V(t)dtJrj/V(t)dtH%/V(t)dt (4.1)

is called the indefinite integral of V().

&

4.2 Line Integral

Definition 4.2 (Line Integral)

The line integral of F along the curve C may be written as
/ F. drF. (4.2)
¢ &

Problem 4.1 Find the line integral ¢ y?dz — z%dy about the triangle whose vertices are (1,0), (0,1),
(-1,0).

Solution The sides of the triangles are the segments of the lines
xr—1 y—-0 -0 y—1 r+1 -0
1-0 0-1" 0+1 1-0" —-1-1 0-0

or,

r+y=1 ,y—x=1, y=0. 4.3)

Hence, line integrals are




4.3 Surface Integral

ho= [ ey
C

0
= /((1—x)2dx+m2dx) [fory =1—x:dy = —dx]
1

(1—x)® 231" -1 1
— = —40-0->=-2/3
{ 3 3], 73" 3 /

T
Cy

(x+1
3

— /0 (z + 1)%dx — 2*dz)  [fory =1+ x; dy = du]
>

d
x_3_1 1 1
3

0 3
and

I; = / (y?dx — 2*dy) =0 [fory = 0;dy = 0]
Cs
thenI:[1+12+[3: —§
Problem 4.2 Find the line integral ¢ y*dx — 2dy about the circle 2 + (y — 1)* = 1.

Solution If x = cos6, then y = 1 + sinf, which represents the circle. Also dv = —sinf, and
dy = cosf. Then

I = ]{(deac — 22dy)
c
27
= / [— (1 +sin 0)*sin # — cos? A cos 0] do
: 27
= —/ (Sin0 + 2sin? 6 + sin® 0 + cos® 0) do
0

2m
= —/ (sin9—|—(1—cos29)+i(Ssin@—sinBH)jL%1(3(:089—1—00536))d9
0

2m 2m
= —[0]f" = —2m. { / sinf = 0; / cosf = 0}
0 0

22



Chapter 4 : Integration of Vectors

4.3 Surface Integral

Definition 4.3
The surface integral of the vector F=F (r) over the surfaces S is defined to be

/ F - da. (4.4)
S

Definition 4.4 (Simple Closed Curve)

A closed curve which does not intersects itself is called a simple closed curve. &

Definition 4.5 (Simply Connected Region)

If a plane region has the property that any simple closed curve in it can can be continuously

shrunk to a point without leaving the region then the region is called a simply connected region. &

Definition 4.6 (Multiply Connected Region)

If a plane region has the property that any simple closed curve in it can can not be continuously

shrunk to a point without leaving the region then the region is called a multiply connected

region. &

4.4 Volume Integral

Definition 4.7 (Volume Integral)

If we consider a closed surface in space enclosing a volume V', then

V:///ﬁ-dﬁ, (4.5)

is defined the volume integration. &

4.5 Green’s Theorem

Definition 4.8 (Green’s Theorem)

Let R be a closed region bounded by a closed regular curve C whose boundary is cut at most

two points by parallel to axes. Then if M (z,y), N(x,y), %—A;, %—1;7 are continuous in R then
ON OM
7{ (Mdx + Ndx) = 7{ — — — | dzdy (4.6)
c r \ Ox Jy
where the circuit integral C'is taken over the boundary of R in the positive sense. &

Problem 4.3 Verify Green’s Theorem in the plane for ¢, {(2z — y*) dz — xydy}, where C is the
boundary of the region enclosed by the circles 22 + y* = 1 and 2% + y* = 9.



4.5 Green’s Theorem

Solution Along the circle x° + y* = 1, the integral is

7(0 {(Qx — y3) dr — xydy}

Let ©x = cos 0, and y = sin 0 then dx = — sin 0d0, and dy = cos 6d0 then we have,

2w
]4 {22 —¢*) do — aydy} = — / (2 cos 0 — sin® ) (— sin 0df) — cos 0 sin 6 cos fdb
Cq 0

2
- _ / (—2cos @ + sin® § — cos® ) sin 00
0

27
31w 3T
= — Y0dh = —4- - = -,
/0 sin 122 4

Similarly, along the circle x> + y? = 9, the integral is

%c {(Zx — y?’) dr — xydy}

Let x = 3 cost, and y = 3sin 0 then dx = —3sin 0d6, and dy = 3 cos 0d6 then we have,

2
]{ { (Zx — y3) dr — xydy} = / (6 cos ) — 27 sin® 9) (—3sinfdf) — 3 cos 03 sin 63 cos Odo
Cs 0

2T
= / (—18 cos @ + 81sin® 0 — 27 cos® 9) sin 8d0
0

o 317 2437
= 81/0 sin49d9:4-81-z§§: 0
Hence,
Cde—FNdy:Q%%—%T:GOW
Again

I_// (a—N—a—M)dxdy—// (3x —zy) —§(2x— )dxdy://R(—xHy?)dxdy

Putting x = r cos 0, y = rsin 6, and dxdy = rd@dr. Limits of v from 0 to 1 and 0 from 0 to 2.

3 27 3 1 1 27
I = / / (—7” cos O + 3r? sin? 6) rd0dr = / [—r sin @ + 3r? (—9 — Zsin? 9” rdr
1 0 1 2 4 0

3
3
- / 3rémdr = 5(81 — 1) = 60r.
1

Hence, the theorem is verified.

Problem 4.4 Verify Green’s Theorem for §,, (32* + 2y) dz— (2+3 cos y)dy, around the parallelogram
having vertices at (0,0), (2,0), (3,1), and (1,1).

Solution Along the line OA, y = 0, and dy = 0, hence, the integral is

2
j{ (32% + 2y) dz — (z + 3cosy)dy = / 3zidx = [x?)}é = 8.
Cq 0
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Chapter 4 : Integration of Vectors

Along the line AB, y = x — 2, and dy = dx then the integral is

3
7{ (32% + 2y) dz — (z + 3cosy)dy = / (32° + 2 — 4 — 3cos(z — 2)) du
Co 2

2z ’
= {x3+——4$—3sin(x—2)
2 2
9 35
= 27+§—12—3Sin1—8—2+8—0=?—SSinl.

Along the line BC, y = 1, and dy = 0, hence, the integral is
1
]{ (32% + 2y) dz — (z 4 3cosy)dy = / (32 + 2)dx = [2° + 2x}; =142-27-6=-30.
Csy 3
And along the line CO, y = x, and dy = dx then the integral is

0
j{ (3:1:2 + Qy) dr — (x 4+ 3cosy)dy = / (3:162 + x — cos x) dx
Cy 1

x? 0
= {x3—|— — —3sina7]
2 1

1 3
= —-1- §+3sml = —§+3Sin1.
Hence,

35 3
7{ (3$2+2y) da:—(:v+3cosy)dy:8—l—7—381n1—30—§+3sin1 = —6.
c

Again

ON OM 0 0
I = — — — | dxdy = —(—x—3 — — (32% 42 drdy = —3 dzd
- (s
Along the line OA
2 0
I, = —3/ / dydx = 0.
z=0 Jy=0
Along the line AB
3 pl 3 3
]2:—3/ / dyd:t:—?)/ [y](l)da::—?)/ de = -3
z=2 Jy=0 =2 =2

Along the line BC

11
I3 = / / (6x 4 3siny) dydx = 0.
=3 Jy=1

25



4.6 Divergence Theorem of Gauss

And along the line CO

0 0 3 3
I, = —3/ / dydr = —3/ ]} dz = 3/ dx = —3.
z=1Jy=1 =2 =2

Which provide us
I=L+L+I3+1;,=0-3+0—-3=—6.

Hence, the theorem is verified.

4.6 Divergence Theorem of Gauss

Definition 4.9 (Divergence Theorem of Gauss)

Let V is the volume bounded by a closed surface S and F is a vector function of position with

continuous derivatives. Then divergence theorem of Gauss is given by

/// divﬁdvz///vﬁdv://ﬁ-ﬁds 4.7
Vv 1% S

where 1 is the positive (outward drawn ) normal to S. &

Problem 4.5 Verify the divergence theorem for the vector field, F= (2zy + 2)i + ] — (x + 3y) k
taken over the region bounded by 2z + 2y + 2 =6,z =0,y =0, 2 = 0.

Solution

N 0 d 4 0
ﬁVde = ]{{ax(%yjtz)%—ayy +az(—x—3y) dv

_ }{[2y+3y]dv

6—2x—2y
= / / / 2y + 3y } dzdydx
z=0 Jy= =

_ / / (2y + 37) [2572% dyda
z=0 Jy=0
3 3—x
= 2/ / (2y +3y*) 3 — z — y) dydx
z=0Jy

3 3—x
= 2/ / (Gy +9y* — 2xy — 3xy? — 2y° — 3y3) dydx
a=0Jy

3 3—x
= 2/ / (6y + Ty* — 2xy — 3xy® — 3y3) dydx
z=0Jy

3—x
4} dx
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Chapter 4 : Integration of Vectors

3 5[4 t=3—2 — r=3—-t = dr=—dt
t° =+t dt let

t=0 3 r=0,t=32=3,t=0
1 (3[4

= = —3 | dt
2/t:o[3 * }

1[1 1.1° 1 9 114 189
= |t =S 1+ B =27 = — 4.8
2[3 +5]0 2[+5} 25 5 (4.8)

The surface S consists of four faces are Si(x = 0), So(y = 0), S3(z = 0), S4(2z + 2y + z = 6).

On the plane x = 0, nds = —idxdz.
. R A R . 3 1(6-2)
j{ F-nds = ?{ (zi + 95 — 3yk> (—1)dxdz = —/ / zdydz = 0.
S1 R =0 Jy=0

On the plane y = 0, nds = —jdxdz.
7{ F.nds = ?{ (z% - a:/%) (—j)dzdz = 0.
So R

On the plane z = 0, nds = —kdxdz.

f F.nds =
S3

So—

2wyt +y°) — (x + 3y)/%> (—k)dxdy

-y
(x + 3y)dzdy

L~

<
8

2 3—y
[% + Sxy} dy

<

(3 —y)
2

+ 3y(3 — y)dy

<

I
g\w g\w g\w

(94 12y — 5y*)dy

<

I
N —
g\w

BRE
[Qy + 6y2 — gyg}

y=0

— Z[27+54—45] = 18.

N = N

On the plane
20+ 2y + 2 =6, — V(2x+2y+z):2g+2§'—l—f€,

27



4.7 Stokes’s Theorem

. . A 21424k 2i42j+k. .
which provide us n = T = 3 ds = 3dxdy

> « N A 1 N Ao
]fF-nds — ]{<2xyi—|—y3j—(a:—|—3y)k:)-5(2i+2j+k> 3drdy
S4 R

3

(4.71;y + 2y — & — 3y) dzxdy

8

I
II\“
(= |

<

<
T
<

(:c (4y — 1) +2y° — 3y) dxdy

<
8
i
o

1 i
5.7:2 (dy — 1) + (2y3 — 3y) :L‘] dy
0

<

530 (y— 1)+ (20° 30) (3 y>] dy

<

I
cga\.,w g\w g\w cga

[36y — 24 + 4y — 9+ 6y —y® + 1297 — 18y — 4y* + 6y2] dy

1
= 3 [—9 4 24y — 19y + 16y° — 4y*] dy

/
/

y=0
1 19 4 1°
= | =9y + 127 — P Ayt — 2P
2[ y+ 12y 3y+y 53/0
1 972
I . B
5 315

Now we have,
99 189

%ﬁ-ndSZf ﬁ-nds—l—jg ﬁ-nds—l—j{ ﬁ-nds—i—]g ﬁ-nd3:0+0—|—18+—:—.
S S1 So S3 S4 5 )

Hence, the theorem is verified.

4.7 Stokes’s Theorem

Definition 4.10 (Stokes’s Theorem)

Let C'is the boundary of region enclosed by the surface S, the vector function Fis single valued

and continuous with first order derivative in any direction, then Stokes’s theorem is given by
/ﬁ-dl://ﬁcurlﬁds://<V><ﬁds) 4.9)
c s s &

Problem 4.6 Verify the Stokes’s theorem for the vector, F= 2t + 3x] — 22k, where S is the upper
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half surface of the sphere z* + y* + 2% = 9 and C'is boundary.
Solution The boundary C' of the region R is a circle in the xy-plane of radius 3 and center is at the
origin. If we consider 2> + y?> =9, 2 = 0, x = 3cos ), y = 3sinf, where 0 < 0 < 2. then

j{ F-dr = 7{ (2y% + 3z — z%) ' (dx% +dyj + dzl%)
c c

= ]{ (Zydx + 3zdy — Z2dZ)
c
2w
= / (—6sin #3 sin dB + 9 cos 63 cos OdP)
0

w/2
= 36/ (—2sin” 6 + 3cos”6) db

o

7'1'/2 3 3
= 36/ (COS20—1+—00826’+—)d9
0 2 2

w/2

= 18/ (5cos20 +1)do
0

5 w/2
= 18 [— sin 260 + 0} = 9.
2 0
Again
gk
S _ o 0 o | Lo— ]
VXF=|g& 3 o2 =B-2k=k
2y 3r —z°
Now
/(VXF) ads = //%.ﬁds:/dxdy
s s R
3 Vo—z2 3 V9—z2
= / dydx = 4/ / dydx
=-3 Jy=—v9—22 z=0 Jy=0
3 3
= 4/ [Z/]a/mdxzél/ V9 — 22dx
=0 =0
Vv9—a2 9 9
2 2 31, 22

Hence,

Stoke’s theorem is verified.

= Chapter 4 Exercise <

1. Short questions.
(a). State the line integral.
(b). Define Surface integral.
(c). Define Volume integral.

(d). State Green’s theorem in the plane.
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Chapter 4 Exercise

(e). State the divergent theorem (Gauss’s theorem).
(f). State the Stokes’s theorem.
2. Find the line integral § y*dz — 2?dy about the triangle whose vertices are (1,0), (0,1), (-1,0).
3. Find the line integral § y*dz — xdy about the circle z* + (y — 1)* = 1.
4. Verify the divergence theorem for the vector field, F = (2zy + 2) i+t — (x + 3y) k: taken
over the region bounded by 2x + 2y + 2 =6,z =0,y =0, 2 = 0.
5. Verify Green’s Theorem in the plane for §,, {(2z — y*) dz — xydy}, where C'is the boundary
of the region enclosed by the circles 22 + y?> = 1 and 22 + y? = 9.
6. Verify Green’s Theorem for ¢, (32* + 2y) dz — (x + 3 cos(y))dy, around the parallelogram
having vertices at (0,0), (2,0), (3,1), and (1,1).
7. Verify the Stokes’s theorem for the vector, F = 2y§ + 333}' — z2/%, where S is the upper half
surface of the sphere 22 + y? + 22 = 9 and C is boundary.
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Chapter 5 Complex Numbers

Introduction

d Complex Number System (4 Operation in Polar Form
A Polar Form of Complex Number (4 De’Moiver’s Theorem
A Exponential Form of Complex Number (1 Roots of Complex Number

5.1 Complex Number System

There is no number z that satisfies the polynomial equation 2% + 1 = 0. To permit solution of
this, and similar type equations, the set of complex number is introduced.

Definition 5.1 (Complex Number)

A complex number can be written as a + 1b, where a,b € R where a, b are called real and

imaginary parts respectively, and i = \/—1, which is called the imaginary unite. &

We can consider real number as a subset of the set of complex number with b = 0. The complex
number 0 + 20 is corresponds to the real number 0.
If z = a + ib be a complex number, then
o Real part of z = Re(z) = a.
o Imaginary part of z = Im(z) = b.
Two complex numbers z; = a + b, and 2o = ¢ + id are said to be equal if and only if @ = ¢, and
b=d.

@ Note Inequalities for complex numbers are not defined.

Definition 5.2 (Complex Conjugate)

The complex conjugate of z = a + b is denoted by z* or Z and defined as a — 1b. &

5.1.1 Operations of Complex Numbers

In performing operations with complex numbers, let a, b, ¢, d, m € R, then we can proceed as in
the algebra of real numbers, replacing i? by —1 when it occurs.
1. Addition:
(a+1ib) 4+ (c+id) = (a+c) +i(b+d)

2. Multiplication:
(a+ib)(c+ id) = (ac — bd) + i(ad + bc)

m(a + ib) = ma + imb



5.2 Axiomatic Foundation of the complex Number System

3. Division: If ¢ and d are not simultaneously zero, then
a—+1b ac+bd+,bc—ad

= l
c+id A+ d? 2+ d?

5.2 Axiomatic Foundation of the complex Number System

From a strictly logical point of view, it is desirable to define a complex number as an ordered pair
(a, b) of real numbers a and b subject to certain operational definitions, which turn out to be equivalent
to those above. These definitions are as follows, where all letters represent real numbers.
1. Equality (a,b) = (¢, d), if and only if a = ¢, and b = d.
2. Sum (a,b) + (¢,d) = (a+¢,b+d).
3. Multiplication
(a,b)(c,d) = (ac — bd, ad + bc)

m(a,b) = (ma, mb).

5.3 Polar and Exponential Form of Complex Numbers

Definition 5.3 (Absolute value or Modulus)

The absolute value or modulus of a complex number z = a + ib is defined as |z| = |a + ib| =

VETE. N
Definition 5.4 (Argument)

The argument of a complex number z = a + ib is defined as argz = 0 = tan™! (%) itis a

multivalued function. &

Definition 5.5 (Argand Plane or Argand Diagram or Complex Plane)

When a complex number z is represented by a point P(x,y) in the xy-plane, then this plane is

called the argand plane/diagram or complex plane. &

5.3.1 Polar Form of Complex Number

Let P be a point in the complex plane corresponding to the complex number (a,b) or a + b.
Then we see from Fig. 5.1 that
a = rcosb, b=rsinf
where r = v/a2 + b2 = |a+ib| is called the modulus or absolute value of = = a+iband § = tan~! (g) ,
is called the amplitude or argument of z, is the angle that line O P makes with the positive = axis.
It follows that
z=a+1ib=r(cosf +isinb).
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Chapter 5 : Complex Numbers

O X

Figure 5.1: Polar form of a complex number.

which is called the polar form of the complex number, and 7 and 6 are called polar coordinates.

5.3.2 Exponential Form of Complex Number

Definition 5.6 (Euler’s formula)

Euler’s formula is given by,

e = cosf + isin b

If z = a + ib is a complex number, and (r, ) is the polar form then
z=a+ib=r(cosf +isind) = re?
which is the exponential form of z.
Problem 5.1 Find the polar form of —1 + Z\/§
Solution Amplitude § = tan™ (—/3) = 27/3. Modulus r = | — 1 +iv/3| = /1 +3 = 2. Then
—1+iv3 =2 (cos (£) +isin (&)).

5.4 Operation in Polar Form

Proposition 5.1

If z1 = ay +iby = 71(cos 0y + isinby), and zy = ay + iby = 15(cos Oy + i sin by), then
2129 = 119 {cos(0y + 63) +isin(0; + 62)} = ryroet @1 t02) (5.1)
EL_ T reos(6) — 6y) + isin(f; — )} = Leir=02) (5.2)
29 T T2 ®
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5.5 De Moivre’s Theorem

Proposition 5.2

If 21, 25 € C, then following properties hold:

1. |2122| = |21HZQ|
al — lal
22| |e2] ‘

Proof Letz; = ri(cosfy + isin6y), and zo = ro(cos by + isin 6y), then
|21] = r1, and |z5| = ro.

Again zy 29 = 1719 {cos(0; + 02) + isin(6; + 02)}, which provide

|2122| = TlTQ\/{COSQ(el -+ 82) -+ sin2(91 + 92)} =T1Tr9 = |Zl||22|

_ lal

Similarly, can be proved |2 | = B

21
22

5.5 De Moivre’s Theorem

Theorem 5.1 (De Moivre’s Theorem)

De Moivre’s theorem state that
(cos@ +isinf)" = cos™ 0 + isin" 0,

where n is any integer. v

5.5.1 The Roots of Complex Number

If n is a positive integer, using De Moivre’s theorem we have,

2 = {r(cosf + isin6)}/"
0 + 2k 0+ 2k
= rl/”{cos( i 7T)—I—z'sin( + W)} [0 <k <n]
n n
Problem 5.2 Evaluate (—1 + z')%.

Solution

—14+21=v1+1 (cos (%) + 7 sin <??T7T)> = \/5((:03 <3?T7T —|—2k’7r> + 7sin (%—i—ﬂm))

Then
(—1+ z’)l/3 = (\/ﬁ) e <COS <%) + 4sin (%)) .
For k =0,
V2 (COS (%) + 2 sin (%)) ,
Fork =1,

6 117 .. 117
\/5 (cos <§> + 28In <E)> ,
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Fork =2,

Proposition 5.3

Z = —. (5.3)

Proof Let z = a + b then
a1 1 a—ib_ a—1b a—ib_ z

z
T atib a+iba—ib a®— 202 a?+b |22 2z

W=

Problem 5.3 Evaluate (v/3 — 1)

Solution Let z = /3 — i, then
1
—1

%

— 1
V34
3—ivV3+i
V3 i
3+1
V34
4

g

D

= (cos30° 4 ¢sin 30°)

(cos(30° + k - 360°) + ¢sin(30° + & - 360°))

N | —

(cos(30° + k - 360°) + i sin(30° + k - 360°))"/3

3

Hg\H
[\

= ——=(cos(10° + k- 120°) 4 ¢sin(10° + k - 120°))

§|

Fork =0,
-1/3

2% = — (cos(10°) + isin(10°))

3

Sl

Fork =1,
~1/3

z (cos(130°) + 7sin(130°))

3

-

Fork =2,

L-1/3

= —=(cos(250°) + isin(250°))

3

-

Alternate solution

Solution Let 2 = /3 — i, thenr = \/3+1 = 2, and § = tan™! (\’/—%) = tan"!tan(-30°) =
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tan~! tan(330°) = 330°.
V3—i = 2(cos(330°) + isin(330°))
~1/3
= (V3—i) " = (2(cos(330°) +isin(330%))
1

= (cos(330° + k - 360°) + i sin(330° + k - 360°)) "% [0 < k < 3]

72
1
= 7 (cos(—110° — k - 120°) 4 ¢sin(—110° — k - 120°))
Fork =0,
1 1
273 = — (cos(—110°) + isin(—110°)) = — (cos(250°) + i sin(250°))
V2 V2
Fork =1,
1 1
2713 = — (cos(—230°) + isin(—230°)) = —= (cos(130°) + i sin(130°))
V2 V2
Fork =2,
1 1
273 = — (cos(—350°) 4 i sin(—350°)) = —= (cos(10°) + i sin(10°
575 (c08(=350°) + isin(~350°)) = = (cos(10°) + isin(107))

= Chapter 5 Exercise <>

1. Define the following
(a). Complex number
(b). Absolute value or modulus a complex number
(c). Argument of a complex number
(d). Conjugate of a complex number
(e). Ordered pair of a complex number
(f). Product of two complex number

2. Write Euler’s formula for complex number.

3. Find the polar form of the following
(a). —1+iV3
(b). =5+15

4. Evaluate following
(a). Vi
(b). (i+1)*
©. (=1+47)
(d). (1—1i)3
(). (3—i)73

5. If 21, 2o are two complex number then show that |z 2| = |21]|22]|.

Wl
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Chapter 6 Analytic Functions

Introduction

A Function of Complex variable [ Differentiation
d Limits ld Cauchy-Reimann
d Continuity (d Harmonic Function

6.1 Function of Complex Variables

Definition 6.1 (Function)
Let S be a set of complex numbers. A function f defined on S is a rule that assigns to each z

in S a complex number w. The number w is called the value of [ at z and is denoted by f(z);
that is, w = f(z). The set S is called the domain of definition of f. &

Definition 6.2 (Single Valued Function)

The function w = f(z) is called a single valued function if for every value of z there is only one

value of w. &

Definition 6.3 (Multi Valued Function)

The function w = f(z) is called a multi valued function if for every value of z there are more

than one value of w. &

Example 6.1 The function w = 22 is a single-valued function of z. On the other hand, if w = z%,
then to each value of z there are two values of w. Hence, the function

1
w = z2
is a multiple-valued (in this case two-valued) function of z.

Definition 6.4 (Polynomial)

For ay,a,_1,...,ag complex constants we define p(z) = a,2z" + 12" P arz +ag

is a polynomial of degree n, where a,, # 0 and n is a positive integer called the degree of the

polynomial p(z). &

Definition 6.5 (Rational Function)

If P(2), and Q)(z) are two polynomials then % is called a rational function, which are defined

at each point z except where Q(z) = 0. &




6.2 Limits

6.2 Limits

Definition 6.6

The function f(z) defined in some neighborhood of z, is said to have a limit wy at 2 if, for

every given € > 0, there exists a O > 0 such that
|f(2) —wo| < € whenever 0 < |z — zy| < 0.

Mathematically,

lim f(z) = wy.

Z—r20 *

6.3 Continuity

Definition 6.7 (Continuity)

A complex valued function f(z) is said to be continuous at a point z if for every € > 0, there
exists a 6 > 0 such that

|f(2) — f(20)| < € whenever |z — z| < 0,

Mathematically,

Zlgrzlo f(z) = f(2). s

Definition 6.8 (Uniform Continuity)

A function f(z) is said to be uniformly continuous on a set S if, for given € > 0 there exist a
0 > 0 such that

|f(z1) = f(22)| < € whenever |z — z3| < &; V21,29 € S.

Here 0 = §(€) and 0 is independent of z, and z, in S. &

6.4 Derivatives

Definition 6.9 (Derivative)

A complex function f(z) is said to be differentiable at z, if

f/(ZO) _ hm f(Z) B f(ZO)
zZ—20 Z — ZO
exists and finite. This limit is denoted by f'(2o) and is called the derivative of f(z) at zo. &
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Chapter 6 : Analytic Functions

Definition 6.10 (Analytic Function)

A complex function f(z) is said to be analytic at a point z, if its derivative exist for all z such

that |z — 2| < 0, for some 6 > 0, and is said to be analytic in a region R if it is analytic at each

point of R. &

6.4.1 Cauchy-Riemann Equations

Theorem 6.1 (Cauchy-Riemann Equations)

A necessary condition that w = f(z) = u(x,y) + iv(x,y) be analytic in a region R is that, in

R, u and v satisfy the Cauchy —Riemann equations

ou Ov ou ov
T=0 === ©6.1)

If the partial derivatives in (6.1) are continuous in R, then the Cauchy —Riemann equations are

sufficient conditions that f(z) be analytic in R. v

6.5 Harmonic Functions

Definition 6.11 (Harmonic Function)

A real valued function u(z,y) is said to be harmonic in a region R, if it satisfies the Laplace

equation, i.e.
Pu 0%u
i
g L)

Definition 6.12 (Harmonic Conjugate)

The function v is said to be a harmonic conjugate of u if u and v are harmonic and satisfies the

Cauchy-Riemann equations. Y
Theorem 6.2
The real and imaginary parts of an analytic function are harmonic function. v

Problem 6.1 Find the harmonic conjugate of the function u = e cos(2zy) and the corresponding
analytic function f(2) = u + iv.
Solution Given that

u=e"""Y cos(2wy)

then, we have,

0
T gper® v cos(2zy) — 2ye” Y sin(2zy)

Ox
= 2¢" 7Y (xcos(2zy) — ysin(2zy)) (6.2)
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6.5 Harmonic Functions

ou
Oy

= —2ye” Y cos(2ay) — 2ze” Y sin(2xy)

Now putting v = z and y = 0 in (6.2)-(6.3), we get

By Milan’s theorem we have
f'(z) =
= f(z) =

— utww =

= —2¢"7Y (ycos(2zy) + zsin(2xy)) (6.3)
% = 2¢7 (2 —0) = 2z¢”
ou 2
— = 2°(0-0)=0
o = 27(0-0)
Ou _ Ou _ 2,07
o Zay = 2ze

e”" Y (cos(2xy) + isin(2zy)) + 1 +icy [let ¢ = ¢ + iy

Equating imaginary parts we have,

and also

v =" sin(2zy) + e

F(2) = eV (cos(2zy) + i sin(2zy)) + c.

Problem 6.2 In aerodynamics and fluid mechanics, the function ¢ and ¢ in f(z) = ¢+ 1), where f(z)

is analytic, are called the velocity potential and stream function respectively. If ¢ = x? + 4z — 3> + 2y,

. find ¥
2. find f(2).

Solution Given that

then, we have,

¢=a"+4r —y* +2y

06
oz
06

9y

2 44 (6.4)

—2y +2 (6.5)

Now putting v = z and y = 0 in (6.2)-(6.3), we get

99
ox
99
dy

= 2z+4

= 2
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Chapter 6 : Analytic Functions

By Milan’s theorem we have

, _ 09 09 _ .
fl(z) = 5 zay—22+4 i2

= f(z) = /(2z+4—i2)dz:,22+4z—2zi+c

= ¢+ip = (v+iy) +4(x +ay) — 2z +iy) +c
= (2% =y +4dr +2y) +i(2xy — 20 + 4y) + 1 +icy [let ¢ = ¢ +icy]
Equating imaginary parts we have,
= (2zy — 2x +4y) + 2

and also
f(2) = (2% — y* + 4o+ 2y) +i(2vy — 27 + 4y) + c.

= Chapter 6 Exercise <>

1. Define the following
(a). Continuity for function of a complex variable
(b). Harmonic function
(c). Analytic function

2. State the theorem Cauchy-Riemann equations.

3. Find the harmonic conjugate of the function u = e ~¥* cos(2zy) and the corresponding analytic
function f(z) = u + iv.

4. In aerodynamics and fluid mechanics, the function ¢ and v in f(z) = ¢ + i1, where f(z) is
analytic, are called the velocity potential and stream function respectively. If ¢ = 2% + 42 —
v’ + 2y,
(a). find ¥
(b). find f(2).
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Chapter 7 Complex Integration and Cauchy’s
Integral Formulas

Introduction

d Line Integral of a Complex Function (4 Cauchy’s Integral Formula

7.1 Some Definition

Definition 7.1 (Closed Curve)

If the starting and ending points of a curve coincide then the curve is called a closed curve. & ’
Definition 7.2 (Simple closed curve)

A closed curve which does not intersect itself anywhere is called a simple closed curve & ’

Definition 7.3 (Simply connected region)

A region R is called simply connected if any any simple closed curve which lies in R can be

shrunk to a point without leaving R. Y

Definition 7.4 (Multiply connected region)

A region R which is not simply connected is called multiply connected. &
Definition 7.5 (Contour)

A contour is either a single point zy or a finite sequence of directed smooth curves (71,752, - - -, Yn)

such that the terminal point of yy, coincides with the initial point of Y1 foreachk = 1,2,... ,n—

1. In this case one can write I' = v, + 2 + - - - + Y. If the terminal point of ~y,, coincides with

initial point of vy, then the contour is said to be the closed contour. &

@ Note

1. A single directed smooth curve is a contour with n = 1.

2. In the case of closed contour the integral is written as [, f(z)dz or § f(z)dz.



7.2 Line Integral of a Complex Function

7.2 Line Integral of a Complex Function

Theorem 7.1

If f(2) is analytic in a region R and on its closed boundary C, with derivative f'(z) which is

continuous at all points inside R and on C then

fc F(x)dz = 0. :

Theorem 7.2

Let f(z) be analytic in a region bounded by two simple closed curves Cy and Cy (Cs lies inside

C1) and on these curves then

f(R)dz= ¢ [f(z)dz
Cq Cs

@
Theorem 7.3 (Cauchy’s integral formula)
Let f(2) be analytic inside and on a simple closed curve C. If a is any point in C, then
1 [ f(2)
=— ¢ —=d
f(a) 2mi Joz—a =
or
ﬂdz = 2mif(a),
cr”R—a
where C' is traversed in the positive sense. V)

Proof We know that if f(z) is analytic in a region bounded by two simple closed curves C' and C}

(C1 lies inside C') and on these curves then

f(z)dz = % f(2)dz (7.1)
Ci c
Here the function % is analytic inside and on C' except at the point z = a.
() g fSE) 0 1By ) (7.2)
cr—a r<—a

where I is a circle with center ¢ and radius . We have

|z —al = r
= z—a = re? [0<6<2n]
— zZ = a-+ rew,
— dz = 0+ire?dd = ire”do
Putting these values in (7.2), we get
27 0
_f(z) dz = —f(a +.£€ )ireiedﬁ
cZ—a 0 re’
2
= Z/ fla+re)do
0
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Chapter 7 : Complex Integration and Cauchy’s Integral Formulas

Taking limit » — 0 on both sides and making use of the continuity of f(z), we get

Malz = limi 27rf(a—l—rem)ale

cZ—a r—0 0
— if(a) / 46 = i f(a)[B)2" = 27 f(a)
e fa) = 4B, (7.3)

21 Jo 2 —a

Theorem 7.4 (Liouville’s theorem)

If for all z in the entire complex plane, f(z) is analytic and bounded, then f(z) must be a

constant. Q

Proof Let a and b any two points in the z plane. Suppose that C' is any circle of radius r and center

at a, containing a point b. Then by Cauchy’s integral formula, we have

Fo) = fla) = g B, L [IE,

2mi Joz—b 2mi Joz—a

- L Cf(2)<zib_zia>dz
o ()

Cbmaf  f)
2w ]{C(Z—a)(z—b)d 74)

Now, f(z) is bounded, so there exist a constant M such that | f(z)| < M. Also we have, |z — a| =,

lz—=b = |z—a+a—-b>|z—a|—|a—bl=1—|a—Db
If we choose 7 so large such that [a — b| < /2. Then we have,
lz—=bl>r—r/2=r/2.
Again length of the circle is §,, dz = 2rr. Now from (7.4) we get,

- sl = |t f I

el LGl
2 |z —allz =Y |Jc
b—a|l M
2t r-r/2
2|b—a|M
—

IN

IN

2rr

When r — oo then

[f(a) = f(b)]
= [fla) = f(b)
= [la) = f(b).

for any arbitrary points a and b in the complex plane.

0
0
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Chapter 7 Exercise

= Chapter 7 Exercise <

1. State and prove Cauchy’s integral formula.
2. State and prove Liouville’s theorem.
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Chapter 8 Singularities, Residue and Some
Theorem

Introduction

A Zero or root of an analytic function (4 Taylor’s theorem
 Singularity [ Laurent’s series
d Poles ld Cauchy’s Residue theorem

8.1 Zero or root of Analytic Function

Definition 8.1 (Root)

A value of z for which the analytic function f(z) = 0 is called a zero or root of f(z). If

f(z) = (2 — 20)"g(2), where g(z) is analytic and g(z) # 0 and n is a positive integer, then

z = 2 is called a zero or root of order n of the function f(z). &
Definition 8.2 (Simple zero)

If f(z) has a zero of order one at z = z, then f(z) is said to have a simple zero at z = 2. &

8.2 Singularity

Definition 8.3 (Singular point or Critical point)

A point at which an analytic function f(z) fails to be analytic is called a singular point. &

Definition 8.4

If f(z) is analytic everywhere in some region except at an interior point z = a, we call z = a

an isolated singularity of f(z). If the point z = zy is not an isolated singularity then it is called

a non-isolated singularity. &

Definition 8.5 (Pole)

Iff(z) = ) ¢(a) # 0, where ¢(z) is analytic everywhere in a region including z = a, and

— (z—a)™’

if n is a positive integer, then f(z) has an isolated singularity at z = a which is called a pole of

order n. If n =1, the pole is often called a simple pole; if n = 2 it is called a double pole, etc. &




8.3 Taylor’s theorem

Definition 8.6 (Removable Singularity)

If im f(2) exists then z is called a removable singualrity of f(z).
zZ—20

[
Definition 8.7 (Essential singularity)
A singular point which is not a pole, branch point or removable point is called essential
singularity. &
Definition 8.8 (Singularity at infinity)
The function f(z) has a singularity at z = oo if w = 0 is a singularity of f (). Iy

Definition 8.9 (Entire function)

A function that is analytic everywhere in the finite plane [i.e., everywhere except at o] is called
an entire function or integral function.

[ )

The functions €7, sin z, cos z are entire functions.

Definition 8.10 (Meromorphic function)

A function that is analytic everywhere in the finite plane except at a finite number of poles is
called a meromorphic function.

L]

8.2.1 Rules for poles and singularities

I. o If lim f(2) = oothen z = z is a pole of f(z).

Z—20
o If there are only m terms in the negative powers of z — 2z then z = 2 is a pole of order m.

2. If lim exists finitely then z = z; is a removable singularity.
Z—r20

3. If lim does not exist then z = 2 is an essential singularity.
Z—r20

4. Tf the principal part of f(z) contains infinite numbers of terms then z = 2 is an isolated essential
singularity.

Problem 8.1 Locate in the finite z plane all the singularities, if any, of each function and name them.

22

. (Z+1)3 )
9. 1—cos(z) )

Solution
22

Co(z+1)%
2 1—cos(z)

z — 1 is a pole of order 3.

1—cos(z

. z = 0 is appears to be a singularity. However, since lim ) = 0, it is a removable

Z—r20
singularity.
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8.3 Taylor’s theorem

Theorem 8.1 (Taylor’s Theorem)

If f(z) is analytic for all values of z inside a circle C with center at a,

£2) = @) + 2~ a)@) + ES ey + Eo L iy 4

8.4 Laurent’s theorem

Theorem 8.2 (Laurent’s Theorem)

If f(z) is analytic inside and on the boundary of the ring shaped region R bounded by two
concentric circles C and Cy with center at a and radii r1 and ro respectively (ro < ry) then for
all zin R,
0 . [e's) a_p,
fG)=D ="+ D = (8.1)
where
1
a, = — & n=20,1,2,3,...
27t Jo, (w — a)nt?
1
a_, = —]{ & n=1,2,3,... (8.2)
21t Jo, (w —a)™nft 0

8.5 Residues and Residues Theorem

Definition 8.11 (Residues)

If the function f(z) is analytic within a circle C' of radius r and center a, except at z = a, then

1

the coefficient a_ of —

in the Laurent’s expansion [see (8.2)] around z is called the residue

of f(z) at z = a. It is denoted by Res(a) or a_. &

Problem 8.2 Find the Laurent series for ; at z = —1, name the singularity and give the

z
(z+1)(=+2)°
region of convergence of the series.
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8.6 Evaluation of Definite Integral

Solution Let z + 1 = u. Then

z u—1 u—1
_— = = 1-— 28 4
(z+1)(z+2) u(u+ 1) U ( uuT Ut )
1
= (u—l)(——1+u—u2+u3—...>
U

1
= (1—u+u2—u3+u4—...)—(——1+u—u2+u3—...)
U

1
= ——42—2u+2uP—2+...
u

1
= —>37 +2-2(z4+1)+2(z+1)*=2(z+1)°+...
z
z = —1 is a pole of order 1, or simple pole. The series convergence for all values of z such that

0<|z+1] <L
Problem 8.3 Determined the residues of

22

(z—2)(22+1)

at all poles.

Solution z = 2,1, —1, are three simple poles of # Then

2241)"
Residue at z = 2 is

lig(z —2) <(z—2)z(222 m 1)) = %

Residue at z = 1 is
2

. . 2 2 i(=i—2) 1-2
lim(z —7) ((z ) (z— i)(z-i—z')) Y e R Rl

Residue at z = —i is

. : 2 _ i _ i i2—1) 142
Jim (= + 1) ((z—2)(z—i)(z+i)> T (—i—2)(~2) (2+9)(2) 2vix22 10

Theorem 8.3 (Cauchy’s Residue Theorem)

If f(z) is analytic inside and on a simple closed curve C' except at a finite number of points a,

b, ¢, ... inside C' at which the residues are a_1,b_1,c_1, ... respectively, then

74 f(2)dz =2mi(a_y +b_1 +c_1 +...) = 2mi(Sum of residues)
c

8.6 Evaluation of Definite Integral

fé; (z — 1€)Z(CZZ+ 3)%’

Solution Since |z| = 3/2 encloses only the simple pole at z = 1, residue at simple pole z = 1 is

Problem 8.4 Evaluate

where C' is given by |z| = 3/2.

lim ( (z —1) c = lim c__°
z—1 (z—1D(z+3)2) ==1(2+3)2 16
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Chapter 8 : Singularities, Residue and Some Theorem

iTe

The required integral = 271 (1—66) = ==

Problem 8.5 Show that )

/ do oo
54 3sinf 2’

0

. - . 0 _ ,—1i6 - .o .
Solution Let z = e then sinf = ¢ 2: =Z 222 L and dz = ie®df = izdf. Then we have

2

/ do
5+ 3sin6

0

dz
o322+ 10iz — 3
the origin. The poles of m are the simple

=

Where C' is the circle of unite radius with center a

poles

~ —10i++/~100 + 36  —10i £ 8i

; = = —3i,-if3.

only —i/3 lies inside C.

Residue at —i/3 is

I n 1 2 ! 2 2 2 1
im (z4 - = lim = = — = —.
z——i/3 3/ \ 322+ 10iz — 3 =—-i/33(z+3i) 3(—i/3+3i) 8 4i
Then
27
/ df o 1 T
— =2m | — | ==
5+ 3sind 49 2
0
Problem 8.6 Show that )
cos 30 T
——df = —.
/ 5—4cosf 12
0
Solution
2
cos 30
—df 8.3
/ 5 —4cosf (8.3)
0
Let z = € then cosf = eigge_w = ZJ“;_l. We also have
3i0 ~3i0 3 -3
cos36’:€ te :Z+Z
2 2
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8.6 Evaluation of Definite Integral

and dz = 1zdf. Then

2

/ cos 30 40 _74 # dz

/ 5—4cosf cb—4 () iz
1 —-3(,6

_ 1 2792 4+ 1) &
2i Jo bz — (2224 2)

1 ?{ 2 +1
2i Jo 22 (222 — 52+ 2)

1?{ 2541
2 Jo 23 (22 —1)(2—2)

Where C'is the circle of unite radius with center at the origin. The integrand has a pole of order 3 at

2z = 0 and a simple pole z = % within C.

Residue at z = 0 is

y 1 a? [, 2 +1
22021d2 \© 22— 1) (-2

2 6
- 37 (E=v0 =) =
Letu =20+ 1and v = 22* — 524 2 = (22 — 1)(z — 2)then we have
u(0) =1; u'(2) =62° 4/(0)=0; u’(z)=30z% u"(0)=0.
v(0)=2; V(2)=42-5; V(0)=-5 "(z)=4; "(0)=4

Also we have,

(W'v —wv") v? — 2 (u'v — wv') v’

_ u'v —w” 2 (u'v —w')v 8.5)

v? v3

Now we can find
" 0-2—-1-4 20-2—-1-(=H))(—> —4+25 21
(5 (0 = 02712 (-5)(=5) _ —4+25 _

v 8 4 4
Using this value in (8.4) we have residue at z = 0 is % = %1.
Residue at z = 1/2 is

lim (z — 1 Z 1

z—1/2 2723 (22—-1) (2 —2)
= lim Zﬁ——'—l

2—1/2 223 (2 — 2)
B (1/2)¢ +1

2(1/2)*((1/2) - 2)
B 65/64 65
T 3/8
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1 2% +1 1 ~ (21 65 T
—— dz=——02m) | — — — | = —.
2i Jo 2222 —1) (2 —2) 2 8 24 12

Problem 8.7 Evaluate
/ * dx
0 x4 + 1

Solution Consider fo Zf—jl, where C' is the closed contour consisting of the line from —R to R and

Then

Y

X' —R 0 R X

the semi-circle I, traverse clockwise.

Since z* +1 = 0, when z = '™/, eB37/4 /4 1™/ these are simple poles of 1/(z* +1). Only
the poles ¢™/* and e*®™/* lie within C. Then L’'Hospital’s rule,

Residue at ¢"™/* is

. 1 1 1 _
i _eimA__ | ; - ,—i3w/4
o [Z AT 1] T

i3m/4 jg

Residue at e
; 1 1 1
lim [z - 613”/4—} = lim — = —e 9"/,

z—ei37/4 24+ 1 zoeidr/a 423 4
Thus
j(é Z4dj - = Qi <i€_i3ﬂ/4 i ;le_igﬂ/4)
s 37 .. (3w 97 . (97
= 5 (cos (I) — ¢ 8in <Z) + cos (I) — ¢ 8in (Z))
T s LT T LT
= 5 (— COS (Z) —78In (Z) ~+ cos <Z> — 7 SIn (Z))
—i?7 LT 7T\/§
= (2 sin (—>> = —
2 4 2
. o dx N / dz w2
_prt+1 Jr2t 41 2
Now taking the limit on both side
i B dx . dz 2
1%1—{20 _Rx4+1+1%1—r>go/lﬂz4+1: 2 (8.6)
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Let z = Re", and R — oo then

1 < 1 B 1 < 2
Rieit 11| — |R4€i49|_1 o R -1~ R4
g - 1 ~0
R A1) fre Rie0 + 1|
d
—  lim . (8.7)

R—oo [ 24 +1 -
Using (8.7) in (8.6) we have,

/°° da /2

A | 2
2/°° dz _ ™2
o Th+1 2
< dx ™2
/0 21 4

= Chapter 8 Exercise <

1. Define Poles with an example.

2. Locate in the finite z plane all the singularities, if any, of each function and name them.

(a).

(b).

Define Taylor’s series.
When a sequence is convergent or divergent?

Define Laurent’s series?

AN

;at z = —1, name the

Find the Laurent series about the indicated singularity for Wz(erz)’

singularity and give the region of convergence of the series.

7. Determined the residues of

22

(z-2)(z2+1)

at z = 2,1, —1.
8. Show that

2

cos 360 T
/5—4cosﬁd8_ 12°

?i (z — 1€)Z(dzz+ 3)%’

9. Evaluate

where C'is given by |z| = 3/2.
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10. Show that

2

/ do T
5+3sinf 2’

0
11. Evaluate
/°° dx
0o Tr+1
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